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%W%_ Yl = Winter do0s
Fc'{dw; Waek b ¢

Motion and Deflection of Beams:

Stress: Strain:
5 4 X X+Ax
=] Unstrained
Za, !
3 i i Strained
le, i i
%= b oy, [ () u(x+ Ax)
z Yo,
}—{ Displacement in x direction at position x
X
Differential Volume Element for Stress Tensor 'll_,(.l' 4 AJ') - Uf(.l') 8“1
€ryr = = -
o Ax or
o=F//
FjA du,  Ju,
€y == —
YTy or

Negative strain = compression
Positive strain = tension

Generalized Hooke’s Law | g;; = E¢; 0;; = Gei; | 04y = 0ji

F= %EAL k=AE/L
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Static Deformation of Beams:

Torques, shear forces, and external forces (loads)

4 x)
= Fwt,
= T
= Mx) (8 ) M(x)+dM (x)
= ¥ d— | F,(x) +dF, (x)
/
Balancing Forces (N.2): Balancing Torques (N.6.2) :
fla)de + (Fu+dF) - F, =0 (M(a) + dM (@) = M(z) = (Fe) + dFy(e)de = PO gy = g
IF, dM(z)
T =—hi) aw =B

The stress-strain relationship:

—> Displacement in y direction at position x

2 do, ()
2 ‘. ——
de
F
Length of dx Length of dx a distance Strain on element
Neutral Axis r from neutral axis dl — dx
dz = R(x)d6 dl = (R(z) — r)df l:> = &
r
dl =dr - ﬁd‘r - R(z)
LR
Stress-Strain Relationship
e B M)
G R(x) k ar - he)
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Torque-stress, and the EOM for u,,(x):

3 / M(x)
4 . = — ;*42 o
Ry (l + (d"i:”)z):‘/z
We can now use o, to obtain the internal bending moment. duJ—l(‘I) << ].
5 1 duy(x)
/ Ory == _R(J')E R(z) dx?
M, = o w(r)rdr Puy(z) _ —M(x)
: == dr ~ " El
—E .
— X2 iy dM(x
- /R(.l) IL(I ), dr differentiate d‘E'l) = s(-l')
E 2
= ———— [ w(r)r<dr )
e/ w0 Pus) _ ~E(2)
E I da3 EI
R(L) [1 ( ) ¢ | differentiate
du,(x =
Euler Beam Equation I dj-’ = filx) ‘:I_I: = —f‘(.l')l

Areal Moment of Inertia

I:/T'2dA

o 2w
I = / / p° sin(8)(pdbdp)
r Jo

/r“ /'27 ) (1 - 1c(;N(?())) dbd
L B TAETE™ 2
ro! =i

-1y

4

l

i
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u,,(x) for uniform and point loads
4 "
El d ;lly(l‘l') = fi(x) ( )’“—' Uniform Load _—
NS ll‘. x f(‘x)*f L
Point Load at Free End
Point load at free end of cantilever: - - ox " v
uy(r) = il 1.1.3 _L 2 Uniform Load:
- EI\6 2
e F gt F o, FL,
Fe-EL 1) Y= "urer” TeEr” T TIED
33
8EI
3EI ]
keps = NS kess L3
Flexural Vibrations of Beams:
Find EOM for u,, (x, t):
— F i)
- i Ty
= M) £ M(x)+dM(x)
= T dr— |, (x) +dF,(x)
Forces (no f;(x)):
Fy(z) - Fy(z) —dF(z) — pAdx2 42 g oF, _ pA(?Z““

di? { ar " or
Torques:

i) OM(x)
(Fu(x) + dF,(2))dx + (M (z) + dM(z)) = M(z) = 0 o o
duy(x) _ =M(x)
da2 T El
L 0Mu(x) u(x) .
EI Bt —pA 92 Wave Equation for Beams




Find u,, (x, t) for cantilever:
Trial Solution:

u(x) Pu(x) ) — ilkr—wt)
EI S = —pA 52 u(z.t)=e
a_ (PAY o A pAN ANYA L
"= (EI) “ b= (EI) S e

ll(.l‘.f) — (’_iwt(“l(]_iﬂl +Be+iQr s CE‘Qr +DC’-QI)

u(x) = acosh(Qx) + bsinh(Qx) + ¢ cos(Q) + dsin(Q)

0
a=—cand b= —d
du(0 - 0 }
dx

d*u(L)
dr? 0 } ((:osh(QL) +cos(Q2L) sinh(QL) +siu(QL)) (a) =0

=
—_
ce
I

d*u(L) ~ sinh(€2L) —sin(QL) cosh(QL) + cos(QL) } \ b
dr? - l'
cos(2L) cosh(QL) +1=10

cosh(QL) cos(QL)

1
\ | )

B C..o S ..}

cos(QL) cosh(QL) +1 =0

2,L=1.875, 4.694, 7.855, /by, =-1.3622, -0.9819, -1.008, and so on.

Un () = a,[cosh(Q,) = cos(Q,x)] + by[sinh(Q,2) = sin(,2)]
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Flexural Mode Shapes:

() = ayfcosh(Q,z) — cos(Q,2)] + b, [sinh(Q,x) — sin(Q,)]

B, =1.875 B =4.6% B; =1.855 /
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k= EI/L} w = /k/m




