






The kinetic energy of the incident neutron is p2/2Mn, where M, is the mass 
of the neutron. The momentum p is given by hk, where k is the wavevector of 
the neutron. Thus h2k2/2M, is the kinetic energy of the incident neutron. If k' 
is the wavevector of the scattered neutron, the energy of the scattered neutron 
is fi2k'2/2M,. The statement of conservation of energy is 

where h o  is the energy of the phonon created (+) or absorbed (-)  in the 
process. 

To determine the dispersion relation using (33) and (34) it is necessary in 
the experiment to find the energy gain or loss of the scattered neutrons as a 
function of the scattering direction k - k'. Results for germanium and KBr are 
given in Fig. 8; results for sodium are given in Fig. 11. A spectrometer used for 
phonon studies is shown in Fig. 12. 

SUMMARY 

The quantum unit of a crystal vibration is a phonon. If the angular fre- 
quency is o, the energy of the phonon is fio. 

When a phonon of wavevector K is created by the inelastic scattering of a 
photon or neutron from wavevector k to k', the wavevector selection rule that 
governs the process is 

k = k l + K + G ,  

where G is a reciprocal lattice vector. 

All elastic waves can be described by wavevectors that lie within the first 
Brillouin zone in reciprocal space. 

If there are p atoms in the primitive cell, the phonon dispersion relation will 
have 3 acoustical phonon branches and 3p - 3 optical phonon branches. 

Problems 
1. Monatomic linear lattice. Consider a longitudinal wave 

u, = u cos(mt - sKa) 

which propagates in a monatomic linear lattice of atoms of mass M, spacing a, and 
nearest-neighbor interaction C. 
(a) Show that the total energy of the wave is 

where s runs over all atoms 



(h) By substitution of u, in this expression, show that the time-average total energy 
per atom is 

where in the last step we have used the dispersion relation (9) for this problem 

2. Continuum wave equation. Show that for long wavelengths the equation of mo- 
tion (2) reduces to the continuum elastic wave equation 

where o is the velocity of sound 

3. Basis oftwo unlike a t o m .  For the problem treated by (18) to (26), find the am- 
~ l i tude  ratios ulv for the two branches at &, = ria. Show that at this value of K 
the two lattices act as if decoupled: one lattice remains at rest while the other lat- 
tice moves. 

4. Kohn anomaly. We suppose that the interplanar force constant C, between planes 
s and s + p is of the form 

sin pk,a 
C, =A- Pa 

where A and k, are constants and p runs over all integers. Such a form is expected in 
metals. Use this and Eq. (16a) to find an expression for 0% and also for do2/JK. Prove 
that JwZ/aK is infinite when K = k,. Thus a plot of wZ versus K or of o versus K has a 
vertical tangent at k,: there is a kink at k,  in the phonon dispersion relation o(K). 

5. Diatomic chain. Consider the normal modes of a linear chain in which the force 
constants between nearest-neighbor atoms are alternately C and 10C. Let the 
masses he equal, and let the nearest-neighbor separation be aI2. Find o(K) at 
K = 0 and K = &a. Sketch in the dispersion relation by eye. This problem simu- 
lates a crystal of diatomic molecriles such as H,. 

6.  Atomic vibrations in a metal. Consider point ions of mass M and charge e im- 
mersed in a uniform sea of conduction electrons. The ions are imagined to be in 
stable equilibrium when at regular lattice points. If one ion is displaced a small dis- 
tance r from its equilibrium position, the restoring force is largely due to the elec- 
tnc charge within the sphere of radius r centered at the equilibrium position. Take 
the number density of ions (or of conduction electrons) as 3/4?rR3, which defines R. 
(a) Show that the frequency of a single ion set into oscillation is o = (e2/MR3)1'e. 
(b) Estimate the value of this frequency for sodium, roughly. (c) From (a), (b), and 
some common sense, estimate the order of magnitude of the velocity of sound in 
the metal. 

'7. Soft phonon modes. Consider a Line of ions of equal mass but alternating in 
charge, with e, = e(- 1)P as the charge on the pth ion. The interatomic potential is 

'This problem is rather difficult. 


